Detection of multipartite entanglement in the vicinity of symmetric Dicke states 
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We present methods for detecting entanglement around symmetric Dicke states. In particular, 
we consider A''-qubit symmetric Dicke states with N/2 excitations. In the first part of the paper 
we show that for large A*' these states have the smallest overlap possible with states without gen- 
uine multi-partite entanglement. Thus these states are particulary well suited for the experimental 
examination of multi-partite entanglement. We present fidelity-based entanglement witness opera- 
tors for detecting multipartite entanglement around these states. In the second part of the paper 
we consider entanglement criteria, somewhat similar to the spin squeezing criterion, based on the 
moments or variances of the collective spin operators. Surprisingly, these criteria are based on an 
upper bound for variances for separable states. We present both criteria detecting entanglement 
in general and criteria detecting only genuine multi-partite entanglement. The collective operator 
measured for our criteria is an important physical quantity: Its expectation value essentially gives 
the intensity of the radiation when a coherent atomic cloud emits light. 
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I. INTRODUCTION 

The nonclassical effects of quantum mechanics have al- 
ready been studied theoretically for more than 50 years 
years [1] . Which quantum states can lead to phenomena 
that are strikingly nonclassical? Which quantum states 
are useful for quantum information processing applica- 
tions? The answers to these questions lead to the defini- 
tion of separability, entanglement [2], and multi-partite 
entanglement [3, 4]. 

In the last decade, with the rapid development of 
quantum control [5] it has become possible to exam- 
ine the nonclassicality of quantum mechanics experimen- 
tally by creating multi-qubit quantum states of photons 
[6, 7, 8, 9, 10, 11, 12, 13], trapped ions [3], and cold 
atoms on an optical lattice [14]. The first multi-qubit ex- 
periments concentrated on Greenberger-Horne-Zeilinger 
[15] (GHZ) states. As maximally entangled multi-qubit 
states, they are intensively studied and have been re- 
alized in numerous experiments [3, 6, 7, 8]. Other 
quantum states targeted in experiments due to their 
interesting properties are, for example, cluster states 
[11, 12, 13, 16, 17] and many-body singlet states [18]. 

In this paper we will discuss some of the advantages 
of using Dicke states [19] to study the nonclassical phe- 
nomena of quantum mechanics. In his seminal paper 
Ref. [19], Dicke considered the spontaneous emission of 
light by a cloud of two-state atoms which are coupled to 
the electromagnetic field as electric dipoles. He found 
that when the cloud acts as a coherent quantum system, 
the maximal light intensity is roughly proportional to the 
square of the number of atoms. This Dicke called super- 
radiance. The highly correlated Dicke states, defined to 



describe the system above, are the simultaneous eigen- 
states of the collective angular momentum, J and its z- 
component, J^. In a typical many-qubit experiment, in 
which the qubits cannot be individually accessed, both 
the initial state and the dynamics are symmetric under 
the permutation of qubits. Thus in this paper we will 
consider only symmetric Dicke states. These are also 
the states with maximal J. An A^-qubit symmetric Dicke 
state with m excitations is defined as [20] 
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(1) 

where {Pk] is the set of all distinct permutations of the 
spins. ]1, N) is the well known A^-qubit W state. 

Several proposals have been presented in the litera- 
ture for the experimental creation of Dicke states. In 
Ref. [21] a scheme is considered for creating Dicke states 
in trapped ions using an adiabatic process. A method 
for the realization of arbitrary superposition of symmet- 
ric Dicke states by detecting the photons leaving a cav- 
ity is described in Ref. [22]. A novel scheme has been 
proposed for obtaining Dicke states based on creating 
closed subspaces for the quantum dynamics of an ion 
chain [23]. Other proposals are described for example in 
Refs. [24, 25, 26, 27]. 

On the experimental side, we have to mention that a 
three-qubit W state has been created in a photonic sys- 
tem [10, 28, 29]. Also, an eight-qubit W state has been 
prepared with trapped ions [30]. Very recently, a four- 
qubit Dicke state with two excitations has been created 
in a photonic system [31]. It turned out that this is one of 
the quantum states which can be obtained in a photonic 
experiment with a very good fidelity. Future experiments 
will most certainly lead to creation of Dicke states with 
multiple excitations in other physical systems. At this 
point it is important to ask the question: Are such states 
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more uscftil than others from the point of view of quan- 
tum information processing? In Ref. [31] it has aheady 
been discussed that the Dicke state prepared in the ex- 
periment is useful for telecloning. 

In this paper we demonstrate that Dicke states with 
multiple excitations are also good candidates for the ex- 
perimental examination of genuine multipartite entangle- 
ment [4]. In particular, we discuss how to detect entan- 
glement close to \N/2,N), i.e., an A^-qubit symmetric 
Dicke state with N/2 excitations. We find that, sim- 
ilarly to GHZ [15] and cluster states [16], for large A'' 
such states have the smallest overlap possible with states 
without multipartite entanglement. 

In the second part of the paper entanglement detec- 
tion schemes requiring only collective measurements are 
discussed [32, 33, 34, 35, 36, 37, 38]. Entanglement de- 
tection with collective measurements is important since 
in many experiments the qubits cannot be accessed indi- 
vidually. Even if the qubits can be individually accessed, 
our measurement schemes arc still useful since they need 
a small experimental effort [31]. The schemes presented 
are based on an upper bound on the variances of collec- 
tive observables for separable states. Any state violating 
this bound is detected as entangled. We present schemes 
for entanglement detection in general and also schemes 
for detecting only genuine multi-partite entanglement. 

\N/2, N) is exactly the quantum state for which Dicke 
found that the superradiance is the strongest [19] for even 
N. We will show that if our schemes are applied to a 
system described in Dicke's original paper [19] then the 
measurement of the collective observables of our scheme 
is essentially equivalent to the measurement of light in- 
tensity emitted by the atoms. 

Our paper is organized as follows. In Sec. II we show 
that for a fidelity-based detection of multipartite entan- 
glement the required fidelity is low for this state. In 
Sec. III. we discuss entanglement detection with collec- 
tive observables close to the state |A^/2, A^). In the Ap- 
pendix we present some calculations for Sec. II. 

II. FIDELITY-BASED ENTANGLEMENT 
CRITERIA 

Before starting our main discussion, let us first review 
the basic terminology of the field. An A^-qubit state is 
called fully separable if its density matrix can be written 
as the mixture of product states 

P = J2p^p'i'^^pP®-^p\''\ (2) 

where J2i Pi = ^ and pi > 0. Otherwise the state is called 
entangled. Quantum optics experiments aim to create 
entangled states, since these are the quantum states 
which lead to phenomena very different from classical 
physics [5]. 

In a multi-qubit experiment it is important to detect 
genuine multi-qubit entanglement [10]: We have to show 



that all the qubits were entangled with each other, not 
only some of them. An example of the latter case is a 
state of the form 

1$) = |$l..m) ® |*m+l..iv) (3) 

Here denotes the state of the first m qubits while 

|^m-i-i..jv) describes the state of the remaining qubits. 
Note that the state given by Eq. (3) might be entan- 
gled, but it is separable with respect to the partition 
(1, 2, .., m)(m -I- l,m -I- 2,..,N). Such states are called 
biseparable [4] and can be created from product states 
such that two groups of qubits do not interact. These 
concepts can be extended to mixed states. A mixed state 
is biseparable if it can be created by mixing bisepara- 
ble pure states of the form Eq. (3). Note that we get 
mixed biseparable states even when mixing pure bisep- 
arable states which are separable with respect to differ- 
ent partitions (e.g., when mixing (|00)-F|ll))]0)/\^and 
|0)(|00) + |ll))/\/2). An A^-qubit state is said to have 
genuine A^-partite entanglement if it is not biseparable. 

Now we will present conditions for the detection of 
genuine multipartite entanglement. These will be criteria 
based on entanglement witness operators [39, 40, 41, 42, 
43, 44, 45, 46]. In other words, these are criteria which 
are linear in operator expectation values [47]. Based on 
Ref. [10] we know that for biseparable states p 

Tr(p|«')(*|) < C*. (4) 

Here j^*) is a multi-qubit entangled state and is the 
square of the maximal overlap of [*) with biseparable 
states [10] 

C>,:=max|(*|</,)|^ (5) 

where B denotes the set of biseparable pure states. Any 
state p violating Eq. (4) is necessarily genuine multipar- 
tite entangled. The bound in Eq. (4) is sharp, that is, it 
is the lowest possible bound. Computing Eq. (5) seems 
to be a complicated optimization problem. Fortunately, 
it turns out that C^j, equals the square of the maximum of 
the Schmidt coefficients of l^*) with respect to all bipar- 
titions [10]. Thus can be determined easily, without 
the need for multi-variable optimization. 

The use of criteria of the type Eq. (4) are the following. 
Let us say that in an experiment one aims to prepare the 
state ]^'). This preparation is not perfect, however, one 
might still expect that the state prepared in the experi- 
ment is close to l^*). Thus a fidelity-based entanglement 
criterion of the type Eq. (4) can be used to detect its 
entanglement. The smaller the required minimal fidelity 
, the better the criterion from practical point of view. 

Now we will present criteria of the form Eq. (4) for 
detecting entanglement around symmetric Dicke states. 
Theorem 1. For biseparable quantum states p 

Tr{p\N/2,N}{N/2,N\) < C^/^,^. (6) 
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This condition detects entanglement close to an A^-qubit 
symmetric Dickc state with N/2 excitations. Here N is 
assumed to be even. 

Proof. The Schmidt decomposition of |to, A^) according 
to the partition (1, 2, iVi)(iVi + 1, iVi + 2, TV) is [20] 

\m,N)=^\k\k,Nx)<»\m-k,N -Ni), (7) 



where the Schmidt coefficients are 

Aft = 



k 



N- Ni 
m — k 



(8) 



We do not have to consider other partitions due to 

the permutational symmetry of our Dicke states. For 
\N/2, N) we have m = N/2. Now we use that 



Ni\fN-Ni 
k )[ f-fc 



< 



N 
2 



(9) 



The proof of Eq. (9) can be found in the Appendix. Thus 
we find that the maximal Schmidt coefficient can be ob- 
tained for A^i = 2 and k = 1. For Ni = 2 we obtain 
Xj = N{N -l)/2. □ 

Thus wc find that Cm/2,n ~ 1/2 for large A^. This 
makes the detection of multipartite entanglement around 
the state | A''/2, N) relatively easy. This property is quite 
remarkable: Up to now only GHZ [15], cluster [16] and 
graph states [48] known to have C = 1/2 [49, 50]. 

Connected to the previous paragraph, it is important 
to check how much our entanglement criterion is robust 
against noise. In order to see that let us consider a 
\N/2,N) state mixed with white noise: 



+ (1 



■Pnoise)\N/2,N){N/2,N\, (10) 



where Pnoiso is the ratio of noise. Our criterion is very 
robust: It detects a state of the form Eq. (10) as true 
multipartite entangled if 



< 



(AT - l)(l-2-^) 



(11) 



For large A^ we have Pnoisc < 1/2. 

Note that the situation is very different for a W state. 
A condition which can be obtained for detecting genuine 
multi-partite entanglement around a W state is [10, 30] 

Tr{p\l,N){l,N\) < =: C,,^. (12) 



III. ENTANGLEMENT DETECTION WITH 
COLLECTIVE MEASUREMENTS 

In Sec. II. for Theorem 1 wc needed the measurement 
of the expectation value ot\N/2, N) {N/2, N\. In order to 
measure this operator, it must be decomposed into the 
sum of multi-qubit correlation terms of the form A*^^^ (X) 
^(2)(g)^(3)^^^^ [10, 49, 50, 51, 52, 53, 54], where A^^' acts 
on qubit k. For measuring the expectation value of such 
correlation terms, we must be able to access the qubits 
individually. 

However, in certain physical systems (e.g., optical lat- 
tices of bosonic two-state atoms [14]) only the measure- 
ment of collective quantities is possible. In this section we 
present entanglement criteria for detecting entanglement 
with collective measurements [32, 33, 34, 35, 36, 37, 38]. 
Our entanglement conditions will be built using the col- 
lective spin operators 



1 ^ 

Jx/y/z — o X) 



N 

(k) 

fc=l 



(13) 



where '^'^^/y/z denote Pauli spin matrices acting on qubit 
k. 

Lemma 1. For separable states the maximum of the 

expression 

aAJx)+ay{Jy)+az{J^) + b^{J^) + by{Jy)+b,{J,) (14) 

with a^/y/z ^ a-iid real b,j./y/^ is the same as its maxi- 
mum for translationally invariant product states (i.e., for 
product states of the form \^) = \ip)'^^). In particular, 
a bx = by = bz = then this expression is bounded from 
above by 

/ , fN 1\ 

B := [ax + tty + a;,)— +max(ax,ay,az)— [y ~ 2 ) ' 

(15) 

Proof. Due to the convexity of the set of separable states, 

it is enough to look for the maximum for pure product 
states. For technical reasons, let us consider a mixed 
product state of the form p = 0^^^^'^^ and use the 

notation s^^L/^ •= Tr{p^''^ax/y/z)/'^- Hence we have to 



maximize 



/ : = {a^ + ay + az)N 



E 



-x,y,z 



E 



+ ^^E 



(16) 



Any state violating this condition is multi-partite entan- 
gled. However, note that with an increasing A'', Ci^jv 
approaches rapidly 1. This makes multipartite entangle- 
ment detection based on Eq. (12) challenging. 



Let us consider the constraints 

E 



(17) 
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for I = x,y, z where Ki are sorae constants. Note that / 
can be written as / = {ax+ay+az)N+axfx+0'yfy+<izfz- 
Now let us first take fx, that is, the part which depends 
only on the coordinates. It can be written as 



(18) 



where ax = bx/ax- We build the constraint Eq. (17) into 
our calculation by the substitution 



N-l 



(19) 



fe=i 



Then for any m < N we obtain the derivatives as 

JV-l 



dfx 



dS; 



(m) 



-2s(™) + 2(i^,-EsW). (20) 



fe=i 



In an extreme point this should be zero. Hence it follows 
that for all m < iV 



Jm) __ (N) 



(21) 



thus fx takes its cxtrcmum when all si™'' are equal. Let 
us now see whether this extreme point is a maximum. 
For any m,n < N 



d'f. 



(™)a„(") 



-2 — 2Sr, 



dsi 'dS: 



(22) 



where 6mn is the Kronecker symbol. It is easy to see, 
that the matrix containing the second order derivatives 
is negative definite, thus our extremum is a maximum. 
It is also a global maximum, since based on Eq. (18) and 
the constraint Eq. (17) it is obvious that if any |s™| oo 
then fx —oo. Similar calculations can be carried out 
for the part of / depending on the y and z coordinates. 
Wc have just proved that for given Kx/y/z, f given in 
Eq. (16) takes its maximum for translationally invariant 
product states for which s^^J^^^ = K^/y/^/N. This maxi- 
mum we will denote by fraax{Kx, Ky, K^)- 

Let us now look for the Kx, Ky and Kz for which 
/max maximal. The condition for getting a physical state 
is Y^ii-^i/-^)'^ — 1/4 where the equality holds for pure 
product states. Wc find that /max is a convex function 
thus it takes its maximum at the boundary of the domain 
allowed for Kx/y/z, i-6-, it takes its maximum for pure 
translationally invariant product states. Hence the upper 
bound Eq. (15) for / follows. □ 

In general it is very hard to find the maximum for 
an operator expectation value for separable states [55, 
56, 57, 58]. Wc have just proved that for operators of 
the form Eq. (14) which are constructed from first and 
second moments of the angular momentum coordinates 
this problem is easy: It can be reduced to a maximization 
over states of the form j')/))®^, i.e., to a maximization 



over three real variables s.. 



Note that it is not at 



all clear from the beginning that this simplification is 
possible. For example, when looking for the minimum 
of + + J| for pure product states, it turns out 
that the expression is minimized not by translationally 
invariant product states. To be more specific, for iV = 2 
when we minimize this expression for product states, the 
minimum is obtained for the state |1)| — 1). 

Theorem 2. As a special case of the previous crite- 
rion, we have that for separable states [59] 



N 



N 



(23) 



For even N, the left hand side is the maximal ( 



N fN 
2 



1) 

only for an A''-qubit symmetric Dicke state with N/2 ex- 
citations. Based on Lemma 1, the proof of this theorem 
is obvious. It can also be seen that the bound in Eq. (23) 
is sharp since a separable state of the form 



2 



-N/2 



(|0) + |l)e^<^)^ 



(24) 



for any real 4> saturates the bound. 

Based on Eq. (23), it is easy to see that for separable 
states we also have 



{AJxf + {AJyf < 



N 



N 



(25) 



Thus J^^y could be replaced by the corresponding vari- 
ances. Any state violating Eq. (25) is entangled. Note 
the curious nature of our criterion: A state is detected 
as entangled, if the uncertainties of the collective spin 
operators are larger than a bound. 

How can we intuitively understand the criterion 
Eq. (23)? Using the notation J = {Jx, Jy, Jz), one can 
rewrite it as [60] 



<.-^>-?(^i|^(.|>. 



(26) 



For a given (J^), in order to violate Eq. (26), (Jf) niust 
be sufficiently low. For symmetric states (i.e., for states 
which could be used for describing two-state bosons) we 

have (J^) = Y (t ~^ ^) ^^"^ (^^) turns into the con- 
dition 



N 



(27) 



A condition similar to Eq. (27) has already been pre- 
sented for the detection of two-qubit entanglement for 
symmetric states in Refs. [37, 38]. 

Criterion Eq. (23) detects the state of the form Eq. (10) 
as entangled if Pnoise < 1 /N. Note that the limit on Pnoise 
decreases rapidly with A''. Let us now consider a different 
type of noise: 



dip) 



J'noisc I ^xy 

(i-P„ 



>(*xy| 

)\N/2,N){N/2,N\, (28) 
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where is defined in Eq. (24). Then criterion Eq. (23) 
detects the state as entangled for any p„oisg < 1. Thus the 
usefulness of our criteria depends strongly on the type of 
the noise appearing in an experiment. 

Criteria can also be obtained which detect entangle- 
ment around other multi-qubit Dicke states. For exam- 
ple, the expression [21] 

(42) + (j2)-2m(J.) (29) 

takes its maxirnum at a Dicke state; [rn. + N/2.N). The 
maximum for separable states can be obtained from 
Lemma 1. 

Up to now we disciissed how to detect entanglement 
with the measurement of collective observables. Now we 
show that a criterion similar to the one in Theorem 2 
can be used to detect genuine multipartite entanglement. 
Such a criterion has already been presented for three 
qubits in Ref. [61]. For biseparable three-qubit states 

(J|) + (J,') <2 + V5/2«3.12. (30) 

Both the state \W) = |1,3) and the state \W) = |2,3) 
give the maximal 3.75 for the left-hand side of Eq. (30). 

Now let us look for criteria for larger systems. In order 
to proceed, we will need the following: 
Lemma 2. For a two-qubit quantum state 

{M,f + {M^f + {M,f < ^, (31) 

where 

Ms := crW+af . (32) 

Proof. The proof is rather technical. Let us consider 
the vector v := ((Mi), (M2), (M3)). We want to find an 
upper bound on We can easily write 

\v\^ = {A'h? + {M^? + {M^f. (33) 

We have to look for the maximum of this expression for 
quantum states. The problem is that it is nonlinear in 
operator expectation values. Because of that we will em- 
ploy the following equality 

\v\ = maxvn, (34) 

|ra|=l 

where n is a real unit vector. The meaning of Eq. (34) 
is clear: The length of a vector equals to the maximum 
of its scalar product with a unit vector. Now the right 
hand side of Eq. (34) can be rewritten as 

\v\ = max(niAfi + 712^^2 + ngMg). (35) 

|n|=l 

The advantage of this expression is that it is linear in 
operator expectation values. The disadvantage is that 



we have to maximize over n. Now we will find an upper 
bound on the right hand side of Eq. (35). We will use 
the fact that for an operator A the expectation value is 
bounded as {A) < Ai„ax(^)- Here Ai„ax(^) denotes the 
largest eigenvalue of operator A. Thus 

\v\ < max Amax(niMi + naMa + ngMg). (36) 

|n|=l 

The eigenvalues of (niMi + naMa + n^Ms) can easily be 
obtained analytically as the function of n^. They are 

Ai = 0, 
A2 = -2ni, 

A3/4 = ni ± ^ nf + 4nl + Anl (37) 

Assuming |n| = 1, the eigenvalues given in Eq. (37) are 

bounded from above by 1^16/3. Hence, based on Eq. (36) 
we obtain < 16/3 and Eq. (31) follows. □ 

Using Lemma 2, we can state the following: 
Theorem 3. For a four-qubit biseparable state 

{J!) + {J^)<1 + V3^ 5.23 (38) 

For the left hand side of Eq. (38) the maximum is 6 and 
it is obtained uniquely for the |2,4) state. 
Proof. First we present the proof for biseparable pure 
states with a (12)(34) partition. For these ( Jj) + ( J^) = 
2 + V1V2/2 where 

vi := { xiX2 + yiy2, xi+X2, 2/1+2/2,1 ), 

V2 ■■= ( '^,X3+ X4, 2/3 + y4, X3X4 + 2/32/4 )• 

(39) 

Here we used the notation X1X2 = (ci^^'cri^'') Hence a 
bound can be obtained using the Cauchy-Schwarz in- 
equality as (J2) + (J2) < 2 + |wi||w2|/2 < 31/6 w 5.17, 
where we used that due to Lemma 2 we have \vk\'^ < 16/3. 
Note that the upper bound we have just obtained for 
(J^) + (Jy) is smaller than the bound in Eq. (38) thus 
biseparable pure states with a (12) (34) partition fulfill 
Eq. (38). 

Now let us take biseparable states with the partition 
(1)(234). We will follow similar steps as in the proof of 
Lemma 2. Let us define the matrices 

Qa := a = x,y, 

l=x,y 

Using these matrices we can write 

{J!) + {J^) = 2+^(a;i(Q.)+2/i(Q,) + (i?)) 

< 2 + i max AynE,yi{xiQa; + yiQy + R). 

(41) 
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Now again for finding an upper bound we need the eigen- 
values of {xiQx + ViQy + R)- These are 



Al,2 

A3, 4 

^5,6 
^7,8 



-2 + X, 
-2-X, 



2 + X± 2y/l + X + X'^, 
2-X± 2y/l-X + X'^, 



(42) 

where X = ^/x'f+ yf. Assuming \X\ < 1, the upper 
bound of the eigenvahies in Eq. (42) is 3 + 2\/3- Thus 
based on Eq. (41) we obtain Eq. (38) for biseparable 
states with a (1)(234) partition. 

Since the measured operators are symmetric under the 
permutation of qubits, this also proves that Eq. (38) 
holds for any biseparable pure state. Due to the convex- 
ity of biseparable states, it also holds for mixed bisepa- 
rable states. □ 

Criterion Eq. (30) and Theorem 3 have already 
been used in the experiment with photons described in 
Ref. [31] for detecting multipartite entanglement in three- 
qubit and four-qubit systems. Let us now briefly outline 
how to detect multipartite entanglement for more than 
four qubits. For many qubits detecting multipartite en- 
tanglement becomes difficult with collective observables, 
since (i) the robustness to noise is decreasing as the num- 
ber of qubits are increasing and (ii) it is very hard to 
obtain the bound for biseparable states for an opera- 
tor expectation value. The first problem can be han- 
dled building entanglement criteria which use higher or- 
der moments of the angular momentum coordinates J^/y 
This makes the robustness to noise somewhat better. The 
second problem can be overcome, for example, by using 
the method apphed in Refs. [49, 50]. This makes it possi- 
ble to find upper bounds for operator expectation values 
for biseparable states for large numbca- of qubits. 

Finally, let us discuss how our entanglement conditions 
Eqs. (23,30,38) are connected to superradiance. The left 
hand side of Eq. (23) is the same expression which ap- 
pears in Eq. (28) of Dicke's original paper [19] giving the 
intensity of the superradiant light during spontaneous 
emission in a cloud of atoms. To be more precise, the 
light intensity is I := Iq (J^ + Jy + Jz) where Iq is the 
radiation rate of one atom in its excited state. Crite- 
rion Eq. (23) shows that if I/Iq — {Jz) is larger than a 
bound then the system is entangled. We can also see 
that there are separable states [e.g., the state presented 
in Eq. (24)] for which the light intensity scales roughly 
with the square of the number of qubits. 



IV. CONCLUSION 

We presented several methods for detecting entangle- 
ment in the vicinity of symmetric Dickc states with mul- 
tiple excitations. In particular, we focused on A^-qubit 
symmetric Dicke states with N/2 excitations. We showed 
that they are well suited for experiments aiming to cre- 
ate and detect multi-partite entanglement. We presented 
fidelity-based criteria for detecting genuine multi-qubit 



entanglement in the vicinity of these states. We also con- 
sidered entanglement criteria based on the measurement 
of collective observables. The relation of our entangle- 
ment conditions to superradiance was also discussed. 
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APPENDIX: PROOF OF EQ. (9) 

Here we present the proof of Eq. (9). First let us fix 
A'^i and look for the maximum of the left hand side of 
Eq. (9) as the function of k. (Without loss of generality, 
we consider A^i < N/2.) We define 



iVi 
k 



N-Ni 

"2 — fc 



(43) 



Let us look for the k for which it is maximal. For that 
we compute the ratio of two consecutive gk 



gfc-i ^ kiN/2 -N,+k) 
gk {Ni-k + l){N/2-k + l)' 



(44) 



The right hand side of Eq. (44) equals 1 for km = {Ni + 
l)/2. Thus for k < km know that gk/gk-i > 1 while 
for k > km we have gt/gk-i < 1- Simple calculation 
shows that the integer value for which gk is maximal is 
k = Ni/2 for even Ni and k = {Ni± l)/2 for odd Ni. 

Now we know that the maximum of the left hand side 
of Eq. (9) for a given A^i is 



Ni 



N- Ni 



(45) 



where [x\ denotes the integer part of x. We find that for 
even A''i 



/iJViitl 



> 1. 



(46) 



Hence Hni must be maximized for some even Ni. Further 
calculation shows that for even A^i 



IJVi 



Ni-IN- Ni+2 



/ijVi-2 Ni N-Ni + 1 



< 1. 



(47) 



Hence we know that /ijvi is maximized by A^i = 2. Thus 
we proved that the left hand side of Eq. (9) is maximized 
for A^i = 2 and = 1. 
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